Abstract Variational solution of the rovibrational problem in curvilinear vibrational coordinates has been implemented and used to investigate the nuclear motions in several linear triatomic molecules, like HCN, OCS, and HCP. The dependence of the rovibrational energy levels on the rotational quantum numbers and the l-doubling has been studied. Two approximations to the rovibrational Hamiltonian have been examined, depending on the level of truncation of the potential energy operator. It turns out that the truncation after the fifth order in the potential is sufficient to produce vibrational energies of high accuracy. An interesting feature of the present formulation of the problem in terms of the curvilinear vibrational coordinates is the explanation of the l-doubling of the rovibrational levels, which in this picture is interpreted as the result of the inequivalency of the average rotational constants in mutually perpendicular planes, rather than as the effect of the Coriolis-type interactions between the vibrational and rotational motions. The present theoretical results are compared with the available experimental data from highresolution spectroscopy, as well as with other ab initio calculations.
Introduction
A proper treatment of the interactions between the rotational and vibrational motions is an important problem in molecular spectroscopy and first attempts of a theoretical solution date back to the beginning of the previous century. Even a short overview of the most important methods is beyond the capacities of a single research paper, we therefore refer the reader to a recent tutorial overview of the existing approaches [1] , and restrict ourselves to a necessarily incomplete review of the literature referring to successful implementations of the methods directly related to the topic of our paper.
The choice of the variational method has several advantages over the perturbational theory alternative. Although in many cases perturbation theory allows for a physically sound interpretation of the results, also in the case of the rovibrational energy levels, its possible drawbacks involve among others the convergence problems of the perturbation series, which do not appear if the variational alternative is used. The variational method is therefore much more robust, especially if many states are to be treated at once and if Fermi resonances are expected. One of the earliest attempts to solve the vibrational problem with the variational method was reported in Ref. [2] utilizing the Watson Hamiltonian [3] . Still other applications of this type can be found, e.g., in Refs. [4, 5] . A solution of the full rovibrational problem for a linear molecule based on the isomorphic Watson Hamiltonian in the linear normal coordinates with a basis set spanned by the 2D harmonic oscillator eigenfunctions in a polar form is in progress in our laboratory [6] . In Ref. [7] , a method to solve the variational rovibrational problem for linear triatomic has been reported, which was then developed in Refs. [8, 9] . However, the methods mentioned above employ internal vibrational coordinates with the exact vibrational Hamiltonian, which make them difficult to extend to systems with more than three atoms. Mixed variational-perturbative approach used by Suzuki [10] [11] [12] should also be mentioned in this context.
The well-known variational approach to triatomic molecules was implemented by Tennyson et al. [13, 14] within the DVR3D software package, which allows to solve the full rovibrational problem. An example application of DVR3D for the HCN and HNC molecules can be found in Ref. [15] . However, in the method of Tennyson et al. the Jacobi or Radau coordinates are used for the exact (within the Bohr-Oppenheimer approximation) Hamiltonian, which makes it difficult to extend to molecules with a larger number of atoms. It is also worth to mention the Hougen-Bunker-Johns approach for non-rigid molecules [16, 17] implemented in the TROVE package [18] . The illustrative application of this approach can be found in Ref. [19] for HDO and Ref. [20] for HSOH. However, in the Hougen-Bunker-Johns approach linear molecules should be treated in a special way [21] , and we are not aware of any implementation of this method for this particular (linear) case.
The method presented in this paper is more universal and can be applied to larger molecules, both linear and non-linear. It was proposed for the first time by Pavlyuchko [22] and is in principle limited only by the computational costs of the calculation of the potential energy surface (PES) and by the dimensions of the largest block of the resulting rovibrational Hamiltonian matrix. Some attempts to implement this method for linear molecules have been undertaken recently [23] , but up to now no results obtained with this approach are available in the literature. It is worth noting that many features of the rovibrational problem depend on the way in which the vibrational and rotational coordinates are introduced. The interpretation of the l-doubling is one of the prominent examples [24, 25] .
The molecules selected for the first test of the new implementation of the rovibrational motion problem are three triatomic molecules: HCN, HCP, and OCS. The first two molecules contain a light hydrogen atom and show a large amplitude vibration, while OCS is a rigid molecule with a low amplitude of the bending mode. In addition, for the pair HCN and HCP, the effects of introducing a heavier atom belonging to the same group can be examined.
All three selected molecules are of considerable astrophysical and astrochemical interest. Among them HCN is undoubtfully the most popular one, and numerous experimental and theoretical studies have been undertaken for this molecule (see e.g., Refs. [26] [27] [28] [29] [30] ). It is also one of the most prominent interstellar and circumstellar molecule. The degenerate bending mode is an important feature of HCN because of the large amplitude of motion of the light hydrogen atom and also because the bending motion is a direct pathway to the HNC isomer.
Theoretical and experimental data for the OCS molecule can be found in Refs. [26, [31] [32] [33] . The spectroscopic interest to the OCS molecule stems from the fact that this molecule is present in the Venus atmosphere along with the more abundant carbon dioxide [34] . The experimental high-resolution rovibrational spectra have been recorded and assigned e.g., in Refs. [35] [36] [37] [38] [39] [40] , in some cases also for less common isotopomers of OCS. One of the first theoretical analyses of the OCS spectra utilized the semiclassical approach based on the integration of selected trajectories [41] . Martin et al. [42] used the quartic force field obtained from the coupled cluster calculations including single, double, and non-iterative triple excitations, CCSD(T) [43] , with the cc-pVQZ basis set to find the vibrational levels and some rotational constants for the OCS, CS, H 2 S and CS 2 molecules by the second-order perturbation theory. They found for the carbonyl sulfide molecule a generally good agreement with the available experimental data [44] , although some Fermi resonances must have been accounted for to come nearer to the experimental energy levels. For instance, the C=O stretching fundamental band (m 1 ) interacts with the 02 0 1 combination band. Peterson et al. [45] obtained a stretching PES for the carbonyl sulfide molecule with the fourthorder Møller-Plesset perturbation theory (MP4) and sizeconsistency corrected configuration interaction method limited to single and double excitations (CISD) and used them to calculate the stretching bands of OCS as well as the rotational and l-doubling constants. Both stretching and bending modes have been examined by Pak and Woods [46] , who used the CCSD(T) method to obtain the PES of OCS and the second-order perturbation theory for the spectroscopic constants. More recently, Xie et al. [47] devised a PES capable to reproduce high energy vibrations by refining force field constants of Pak and Woods [46] through the fit to the experimental vibrational levels up to 8,000 cm -1 . The methylidynephosphine molecule HCP is an unstable species which decomposes after several hours in the room temperature conditions [48] , but it belongs to a small number of phosphorus-containing molecules present in the interstellar media [49] and is therefore of a considerable astrochemical interest. From the chemist' point of view this molecule is a rare example of the existence of the unusual CP triple bond. The interest in the spectroscopic characteristics of HCP showed up in the early nineties of the last century by speculations about the presence of this molecule in some planetary atmospheres [50] . For its detection in such environments a detailed knowledge of the laboratory rotation-vibration spectrum is required. The experimental examination of the HCP spectra has been reported e.g., in Refs. [51] [52] [53] [54] [55] . The quality of these measurements ranged from the earliest low-resolution spectra to the most recent high-resolution ones. The theoretical work on this molecule usually included the calculation of the PES, which in some cases was next utilized to reproduce vibrational levels and rotational constants [52, 54, 56, 57] . Koput and Carter [56] used the variational method for the vibrational problem followed by the perturbation theory to describe the coupling between rotations and vibrations. Specifically, perturbation theory was applied to calculate the rotational constants with the PES calculated at the CCSD(T) and the second-order Møller-Plesset perturbation theory (MP2) levels of theory. Koput and Carter [56] concluded that the MP2 level is not sufficient to reproduce the rovibrational spectra, while the CCSD(T) method is capable to do so provided that large enough orbital basis is used in the calculations. The basis set effect is particularly important for the vibrational energy levels, while the anharmonic constants are reproduced quite well in the smallest cc-pVTZ basis. Koput and Carter [56] also tested the influence of the correlation contributions of the core electrons to the vibrational and rotational parameters. They concluded that the core electrons' correlation shifts the vibrational levels to higher energies and has little influence on other constants. This study has been continued by Beck et al. [57] who calculated the potential energy surface with the multireference configuration interaction method limited to single and double excitations (MRCI) and used it to calculate high-vibrational states and the first rotational constant B. Among other theoretical works on HCP one should mention the study of polyads of highly excited vibrational states with the Fermi resonance Hamiltonian [58] .
In this paper, the implementation of the Rayleigh-Ritz variational solution for the rovibrational problem with the Hamiltonian expressed in the curvilinear vibrational coordinates and the Euler angles is reported and applied to a number of small triatomic molecules. The simplicity of the proposed method follows from the polynomial representation of the potential energy surface and the one-dimensional (1D) harmonic oscillator functions in the basis set. By contrast to most of the other approaches employing the curvilinear coordinates, here the variational method is used to the full rovibrational problem, and not just to its vibrational part, which allows for a larger flexibility of the method compared to the perturbation theory. With the present implementation we calculated selected rovibrational levels of HCN, HCP, and OCS up to 13,000 cm -1 . For higher energies the polynomial representation of the potential energy operator becomes inappropriate and one needs a Morse-like potential and Morse oscillator functions in the basis set. In this case, the matrix elements of the Hamiltonian become much more complicated [59, 60] . However, we believe that the current implementation based on the polynomial expansion is sufficient to obtain and interpret many low-energy rovibrational spectra. In our investigation we paid a special attention to the rovibrational interactions, caused by the dependence of the inverse inertia matrix on the vibrational coordinates. The rovibrational levels were obtained up to and including J = 15, then fitted to the known functional form including rotational centrifugal constants and constants of the l-resonance and, finally, compared with the available experimental data.
The plan of this paper is as follows. In Sect. 2, we present the mathematical approach to solve the problem of nuclear motions in polyatomic molecules based on the Hamiltonian written in the curvilinear vibrational coordinates and show some advantages of this Hamiltonian over the Hamiltonian expressed in terms of the linear vibrational coordinates. In Sect. 3 we report the details of the Rayleigh-Ritz variational procedure, discuss the choice of the basis set functions, and the way the potential energy function should be treated. In Sect. 4 the analytical fits of the rovibrational energy levels, which are widely used to represent the experimental data, are discussed. The same analytical expressions are utilized to fit the computed energy levels. Sect. 5 gives the explanation of the l-doubling effect when the curvilinear coordinates are used. In Sect. 6 we give some computational details of the potential energy calculations and of the matrix diagonalization in the variational procedure. In Sect. 7 we compare our results with the previous theoretical calculations and with the data derived from high-resolution spectroscopic experiments. Finally, Sect. 8 concludes our paper.
Molecular Hamiltonian
Several routes of dealing with the molecular Hamiltonian describing the rovibrational motions have been described in the literature, depending on whether linear or curvilinear vibrational coordinates are used in the vibrational part. In this section, the theory in curvilinear coordinates will be presented. We start the theory section by introducing the curvilinear vibrational coordinates Q s [59, 61] defined as linear combinations of the natural (internal) vibrational coordinates q i :
The matrix L describes the mathematical form of the s-mode vibration [62, 63] . The matrices L and L p are related one to the other by the following expression:
where I stands for the unit matrix. The coordinates Q s are also known as the curvilinear vibrational coordinates, since they are related non-linearly to the Cartesian coordinates of the atoms. For linear molecules the natural vibrational coordinates q i are of two types, corresponding to the bond stretching and to the linear angle bending modes. The latter mode, which is doubly degenerate, is described by two coordinates in the mutually perpendicular planes [63] . The kinetic energy operator for a polyatomic molecule can be written as [64, 65] :
The vibrational part of the Hamiltonian can be reduced by performing the differentiation [59, 65] :
where g ij (q) denote elements of the kinetic matrix and b(q) is a non-differential kinematic operator [59] , also referred in the literature to as the pseudo-potential [66] . The components of the g-tensor are well known and can found in Ref. [64] . Some features of g for linear molecules are explained in Refs. [67, 68] . The exact dependence of the g-matrix on the vibrational coordinates is rather complicated, therefore some approximations should be employed in Eq. (4) to obtain tractable formulas. Different approximate treatments ofĤ v in the curvilinear coordinates have been proposed in the literature [59] . In this study we chose to expand the elements g ij (q) in the Taylor series:
If additionally the pseudopotential b(q) is neglected, the following expression for the vibrational Hamiltonian is obtained:
where the kinematic coefficients v spr and v sprt in Eq. (6) are defined by the formulas:
It should be noted that for linear molecules the matrix of the L kp coefficients is composed of two submatrices, corresponding to stretching and degenerate bending modes with no cross-terms. This explains why the only non-vanishing components of v are v sps and v spp 0 s , the letters s and p referring to the bending and stretching coordinates, respectively.
The total Hamiltonian describing the rovibrational motions of a polyatomic molecule can be expressed through the curvilinear vibrational coordinates and the Euler angles ðh; /; nÞ which describe the rotation of the axes of the equilibrium inertia tensor with respect to the laboratory frame [22] :
where l ab (Q) denote elements of the inverse inertia tensor matrix. To obtain a working expression for Eq. (8), we expand l(Q) at the equilibrium point in the curvilinear vibrational coordinates through the second order:
In order to find the derivatives appearing in Eq. (9) the expansion coefficients of the inertia tensor in the linear normal coordinates Q r 0 are used:
Explicit expressions for the coefficients a can then be expressed through the a r (ab) and A rs (ab) terms, cf. Ref. [59] for the details.
We also have to note that linear molecules have 3N -5 vibrational degrees of freedom and the inertia tensor I ab has only two main axes, x and y. The vibrational modes can be classified as N -2 doubly-degenerate bending modes and N -1 stretching modes. Degenerate modes are described by two coordinates in the perpendicular planes [63] . The internal bending coordinate is introduced as sin h a , where h a is the angle of the distortion from linearity. In our ab initio calculations we used h a instead of sin h a , because one can approximately set sin x % x for small values of x.
The rovibrational Hamiltonian expressed through the curvilinear vibrational coordinates, Eq. (4), does not contain Coriolis-type rovibrational interaction terms, i.e., terms of the type J a p b and p a J b , which are present in the rovibrational Watson Hamiltonian derived in Refs. [3, 70] . The Hamiltonian given by Eq. (8) contains just the centrifugal interaction terms since l ab (Q) depends on the vibrational coordinates only. The other advantage of the latter Hamiltonian form is that there is no need of a special treatment of linear molecules like in the case of the Watson Hamiltonian.
The variational solution of the rovibrational problem
In order to find the rovibrational energy levels we have to solve the rovibrational problem described by the Hamiltonian given in Eq. (8), i.e., to solve the following Schrö-dinger equation:
where k denotes a super-index containing quantum numbers corresponding to the vibrational (n) and the rotational (J, M, p) degrees of freedom, i.e., k = {n, J, M, p}. To solve the eigenproblem given by Eq. (11) we follow the algorithm described in Ref. [22] , where the Rayleigh-Ritz variational method is applied. In this algorithm the wave function W k is expanded in a basis of known functions u l ðQ; /; h; nÞ :
where the basis function u l ðQ; /; h; nÞ is a product of a vibrational function w n ðQÞ and rotational function a 
In Eq. (15) n stands for several vibrational indices, e.g., for a linear triatomic molecule n = {n 1 , n 2a , n 2b , n 3 }. Here, n 2a ,n 2b are the indices of the basis set functions describing the motion in the perpendicular planes of the degenerate bending mode. The vibrational problem, Eq. (15), is solved in a basis set constructed from the products of the 1D harmonic oscillator eigenfunctions / l ðQÞ for each vibrational degree of freedom:
where H n ðQ s Þ is the Hermite polynomial of the nth order and N n ¼ ð2 n n! ffiffiffi p p Þ À1=2 is the normalization constant. For the particular case of a linear triatomic molecule the multi-dimensional vibrational wave function is expanded as:
1=2 and k r is the harmonic force constant for the rth vibrational mode.
The last remaining problem for the pure vibrational problem is the representation of the potential energy operator V. Usually the Taylor expansion around the equilibrium point truncated after several lowest terms is used in practical calculations. The Taylor expansions of the potential energy function in both the internal and curvilinear coordinates are listed below:
With help of Eqs. (18) and (19) 
This transformation is simpler than the analogous expression for the linear vibrational coordinates [63] since no higher-order components of the L tensor appear in Eq. (20) . Of course, in the harmonic approximation both approaches (linear and curvilinear) are fully equivalent. In a finite basis of the functions u l , the solution of the rovibrational problem, Eq. (11), is reduced to the diagonalization of the Hermitian matrix with the following matrix elements:
This general formula can greatly be simplified if (i) the structure of the rovibrational Hamiltonian, Eq. (8), (ii) the properties of the vibrational basis functions, and (iii) the known selection rules for the Wigner D-functions are all taken into account. After some algebra [22] , the following equation for the element of the Hamiltonian matrix is obtained:
where the " l nn 0 ab quantities are defined as:
It should be stressed that " l nn 0 ab are the coefficients determining the rovibrational interactions. The diagonal terms in Eq. (23) can be interpreted as effective rotational constants for the nth vibrational state, while the off-diagonal terms are responsible for the interactions of different vibrational energy levels with the rotational motion. All coefficients appearing in the equations above can be found in Ref. [22] .
For J = 0 the diagonalization of the Hamiltonian matrix gives pure vibrational energy levels. For states with J [ 0 the rovibrational interactions appear. Their physical nature is centrifugal since the elements of the matrix l(Q) from Eq. (8) depend on the vibrational coordinates Q. Obviously, the neglect of the dependence of the matrix l(Q) on the vibrational coordinates by taking only the first term in the expansion given by Eq. (9), makes the matrix " l, Eq. (23), diagonal. In this case the rovibrational problem can be separated into the pure vibrational and pure rotational problems.
Constants of the rovibrational interactions for linear triatomic molecules
The formulas for the constants of the rovibrational interactions and for the l-doubling are well known in the literature. However, for the sake of completeness and to introduce the notation we repeat them here. The rovibrational levels for the linear top have been derived in Refs. [72, 73] and are taken in the present form from Refs. [28] [29] [30] 74] .
The rotational energies for a given vibration, as obtained from Eq. (11), can be expressed in the following form:
where E r d and E r n-d denote diagonal and non-diagonal part of the expression, respectively. The diagonal part is given by the following formula:
where m denotes the vibrational quantum numbers,
, m 3 }, B m is the rotational constant, and D m and H m are the quadratic and cubic constants of the centrifugal distortion, respectively. The non-diagonal term was fitted to the following expression [30] :
Here, H stands for some effective perturbation Hamiltonian used in Ref. [30] . For an interesting particular case of the (01 ±1 0) vibrational states we have:
More formulas for the vibrational states (02 0 0), (02 ±2 0), and (0m ±1 0) can be derived from Eq. (26) . The non-zero constants D m , H m , q m , q mJ , and q mJJ result from the dependence of l ab on Q, cf. Eq. (9). It should be noted that the variational approach allows to calculate the dependence of D m and H m on m, while the second order perturbation theory allows to find these constants only for the ground vibrational state [2, 56] .
Symmetry considerations and the l-doubling
Triatomic linear molecules have three normal modes: two stretching vibrations usually denoted by m 1 and m 3 and one degenerate bending vibration denoted by m 2 . Depending on the presence or absence of the center of symmetry, linear molecules have either D ?h or C ?v symmetry. For noncentrosymmetric molecules two stretching vibrations belong to the R þ representation, while the bending has the P symmetry [16] . The stretching vibrations in this case can usually be approximately attributed to a particular bond, e.g., for the HCN molecule m 1 corresponds approximately to the C-H stretch and m 3 to the C:N stretch.
A few words of explanation are due as far as the nature of the l-doubling is concerned. Commonly [3, 24] , when the rovibrational Watson Hamiltonian for linear molecules is used [75] 
ab and therefore also different rotational energy levels. These two possible explanations of the l-doubling have been pointed out by Herzberg [24] .
Computational details
Force constants corresponding to the potential energy function V(q), Eq. (18), were calculated at the CCSD(T) level with the MOLPRO suite of programs [76] . The cc-pVQZ basis set was used for all atoms. Only valence electrons were correlated in the CCSD(T) calculations. Since no analytical gradients are available in MOLPRO for the CCSD(T) method, finite-difference formulas were applied to obtain the appropriate force constants. This technique naturally limits the maximum order of the force constants that can be calculated with a sufficient precision. In order to control the accuracy of the numerical procedure, both 5-and 7-point formulas were used for one-variable derivatives and multi-point formulas for the mixed derivatives. Then, only the converged digits were utilized in the subsequent calculations.
The formulas for some exemplary finite-difference fourth derivatives used in this study are given below, where it is assumed that the potential energy function in the internal coordinates is given by V(r 1 , r 2 , h a ). In the derivative calculations the distance increments h, h 1 , and h 2 were set equal to 0.01 Å and the angle increment a to 1°. 
In order to estimate the accuracy of the Taylor expansion for V, the series truncated after the fourth and the fifth orders have been used in the production calculations. They are referred to as Approximation 1 and Approximation 2, respectively. Application of the Approximation 3, i.e., the series truncated after the sixth order, is unfortunately not possible because of a limited accuracy of the numerical differentiation. Since the calculations reveal that for molecules involving hydrogen atoms the contributions from the fifth order are significant, and so the sixth-order terms should possibly be included, we expect somewhat larger errors in the rovibrational energy levels for the HCN and HCP molecules.
The rovibrational energies were calculated with a program written by one of us (L.S.). The masses of the most common isotopes were used in the calculations of the rovibrational spectrum. In all approximations we used the basis set containing 10,000 harmonic functions, i.e., 10 basis set functions for each vibrational degree of freedom, which was enough for convergence of at least 200 lowest eigenvalues. The Hamiltonian matrix consists of the subblocks pertaining to each K = -J, J. However, these subblocks are not independent, since they are connected through the dependence of l ab on the coordinates Q, and the non-diagonal terms become responsible for the rovibrational interactions. The Davidson algorithm [77] was used to find the lowest eigenvalues and the corresponding eigenvectors of the rovibrational Hamiltonian. The rovibrational energy levels were then assigned by examining the largest weight of the harmonic part for the vibrational levels and the largest weight of the rigid-rotator eigenfunction. In this by-hand procedure we were able to localize the first 30 vibrational levels. An unambiguous identification for higher energy values turned out to be impossible because of the existence of anharmonic eigenfunctions almost equally distributed between some harmonic eigenfunctions. A special care has to be taken for a proper description of the vibration motion within the C-H bond. Because of the presence of the light hydrogen atom this mode is floppy and highly anharmonic. In order to improve this description the ''extended'' harmonic basis functions have been added to the basis for for the m 1 -mode, corresponding to the C-H stretch, utilizing the scaled exponents a k s instead of the harmonic force constants k s , where a was chosen from the interval (0.5-1.0) to match a better convergence.
Results and discussion
In Table 1 equilibrium distances calculated in this study for molecules under study are presented and compared with the experimental values. An inspection of this Table shows that for all molecules the difference between the experimental and the ab initio distances between the carbon atom with the hydrogen atom is small, about 0.002 Å . Somewhat larger differences, 0.007 and 0.008 Å , are observed for the second distance if the third-row atom is connected to the carbon atom. Most probably, this is a result of neglecting the correlation of the core electrons. However, as pointed out in Ref. [42] , such a small discrepancy has only a little effect on the calculated rovibrational constants. Therefore, we decided to proceed with the calculations of the CCSD(T) force constants, Eq. (18), with only valence electrons correlated.
For the HCN molecule the importance of various terms in Eqs. (5)- (6) on the computed vibrational energy levels have been examined. The results of these test calculations are listed in Table 2 . First, we note that including all the potential energy terms and keeping the simple harmonic oscillator expression for the kinetic energy, cf. the column ''Harm.?V,'' leads to an inbalance of the included contributions which results in an overestimation of the energy levels and in somewhat worse results than the simple harmonic approximation. Adding the anharmonic kinematic coefficients v spr and v sprt from Eq. (7) which, together with the potential energy function expanded up to and including the fifth order, lowers the energies making them closer to the experiment. Finally, it is interesting to examine the effect of adding the fifth-order terms v sprtu in Eq. (5). It turns out that within the latter approximation the errors are reduced only by 1-2 cm -1 for the lowest energy levels. Therefore, we decided to skip v sprtu in the production calculations. Including of the fifth-order kinematic coefficients might be necessary for higher vibrational energies, especially in view of the fact that the absolute error for the series 0m 2 0 increases non-linearly with m 2 . However, when dealing with the expansion of the kinetic and potential terms, it is important to take all values of the same order in the Taylor expansion series, because neglecting even some of them may lead to high discrepancies in the final results. This follows from the fact that the variational procedure is very dependent on the non-diagonal terms included in the Hamiltonian matrix. Finally, it is interesting to notice that the Approximation 2a gives worse results than Approximation 2 for two high-l cases presented in the Table, while for all other cases the latter approach gives slightly worse agreement with the experiment.
For linear molecules the bending coordinates {Q 2a ,Q 2b } are present only as even powers in the Taylor expansions, so V(Q 2a ,Q 2b ) is even with respect to Q 2a and Q 2b . This fact follows from the symmetry of the degenerate bending mode with respect to the plane perpendicular to the plane of vibration. We can also note an interesting property of high-order force constants containing the bending coordinates, coming from the equivalence of the two bending vibration planes:
The pure vibrational energy levels relative to the ground-state energy level are listed in Tables 3, 4 , 5 for Tables 3, 4 , 5 show that in the series of approximations, starting from the harmonic and ending with the Approximation 2, an increasing accuracy is observed in nearly all cases. Obviously, the harmonic approximation gives the largest errors with respect to the experimental values, and the Approximation 1 always improves the agreement with the experiment. The level of improvement varies substantially depending on the molecule and the vibrational mode studied, but often the use of n/a n/a n/a n/a . Experimental data are taken from Ref. [30] Struct Chem (2012) 23:1425-1439 1433 the Approximation 1 causes even a five-fold lowering of the energy gap between the calculated and experimental energy levels. The Approximation 2 leads in almost all cases to the results even closer to the experiment than the Approximation 1. It is also interesting to note that our calculations support the claim concerning the high anharmonicity of the C-H stretching mode. For the HCN and HCP molecules these modes are easily identified by looking at the D 0 column. They are the only states with errors larger than 100 cm -1 . Although both Approximations 1 and especially 2 do a good job of bringing this mode close to the experiment, it could be envisaged that the next approximation would give an even better agreement. Unfortunately, the analytical gradients within the CCSD(T) approach should be used for this purpose. Another way to improve the potential energy surface is to . See Table 3 for the explanation of symbols. Experimental data are taken from Ref.
[78] n/a n/a n/a n/a n/a n/a n/a n/a All values are in cm
. See Table 3 for the explanation of symbols a Ref. [52] use Morse-like potential for this mode, which corresponds approximately to the C-H stretch. Such a potential better describes upper vibrational states close to the dissociation limit, see for example Ref. [80] . Unfortunately, this leads to serious complications in the calculations of the matrix elements and has been not attempted in this paper.
In Tables 3, 4 , 5 a comparison of our results with previous calculations for every molecule is also presented. As already mentioned above, HCN is the most studied molecule and a vast theoretical material is available in the literature dealing with the problem of the vibrational HCN spectra. In Table 3 we listed values from four different sources. The first column with the theoretical results corresponds to the earliest work utilizing an ab initio PES [80] , where one from the modifications of the DVR method was used to calculate the vibrational energies. The next set of results stems from a more recent implementation of the DVR method [81] . It should be stressed again that although the DVR method allows to find vibrational energies up to the very high-excitation levels, it is limited to triatomic molecules and is therefore less general than the method presented in this paper. Another work applying the DVR approach is Ref. [4] , where DVR was implemented for the Watson Hamiltonian [3, 70, 75] . The last set of data was produced by Wang et al. [82] by applying a finite element method for the Watson Hamiltonian with J = 0. A perusal into this part of Table 3 allows to conclude that the present vibrational energies are generally better than those of Ref. [80] and of the same level of accuracy as in most other references (with the exception of the results from Ref. [81] where a better accuracy was usually achieved). This fact is reassuring in view of the just mentioned possible highprecision of the DVR method for the triatomic molecules.
For carbonyl sulfide much less theoretical investigations are available. Since the OCS molecule is rigid, the model with the neglected bending mode can be used to study vibrationally excited stretching states. Such an approach has been pursued by Peterson et al. [45] , The vibrational energies obtained in Ref. [45] are listed in Table 4 . It is not surprising that the discrepancy of these results with the experimental values is larger than in the case of our approach, where the mixed bending-stretching terms have been taken into account. To our knowledge it was the only ab initio available potential energy surface for the excited vibrational states. The next column of Table 4 contains the data of Ref. [83] , where an algebraic model was used to analyse and interpret the experimental rovibrational spectra of small and medium-sized molecules. This method employs the Lie algebra techniques to obtain an effective Hamiltonian operator which describes the rovibrational degrees of freedom. Since it does not use any ab initio results, but instead it is solely based on the fitting of the spectroscopic data, the results obtained there are very close to the experimental values. Finally, the last theoretical column in the Table 4 contains data from Ref. [41] , where a semi-classical model based on the adiabatic switching method (ASM) was used together with a spectroscopic potential energy function. Also in this case a good agreement with the experiment can be attributed to the use of some spectroscopic data in the actual calculations. Taking this into account we can conclude that our method reproduces the vibrational energies for OCS much better that the other ab initio approach [45] .
The DVR method was also applied to the phosphaethyne molecule [84] . The solution of the vibrational problem with an ab initio PES gave in general a slightly better agreement with the experiment than our results. The following column in Table 4 shows the results of Ref. [56] , where an ab initio PES was used to compute the rovibrational energy levels with a mixed variational-perturbation theory approach. Also here a somewhat better agreement of the vibrational energy levels with the experiment is found. However, constants of the rovibrational interactions were calculated only for the ground state in this paper.
Several possibilities of the remaining discrepancies should be considered. The first issue is the quality of the Fig. 3 Comparison of the present method with the experiment for the bending mode of OCS CCSD(T)/cc-pVQZ electronic energies. Since the CCSD(T) method is known to be very accurate for molecules (unless very large distortions of the geometry are studied) and the cc-pVQZ orbital basis is also sufficiently large, we can exclude the possibility that inaccurate electronic energies are the reason for the remaining errors. The most probable cause of the discrepancies is the truncation of the Taylor expansions which we have used for the g-tensor and for the potential V in the Hamiltonian. For instance, we used the second-order (i.e., linear and quadratic) expansion in the vibrational coordinates of l ab (Q), which may be insufficient for some excited rovibration bending energy levels, if the average geometry of the molecule changes considerably from the equilibrium geometry.
For the CN; CP, and C=S stretching modes, generally larger errors are observed for the fundamental transition than for the two other. The errors of about 5 cm -1 can be seen in the former case and only 1-2 cm -1 for the latter. The error increases approximately twofold for the first overtone (20 0 0). According to Koput et al. [56] this discrepancy can be explained by the effect of neglecting the correlation between the core electrons of the heavier atoms. This hypothesis is supported by the fact that only the m 1 mode is so strongly affected. It seems that further studies of the molecules containing atoms from the third row of the periodic table should account for the core correlation. Similar discrepancies have been found by Martin et al. [42] .
Finally, one more complication arises from the fact that the values of the matrix elements " l nn 0 ab are very sensitive to small non-diagonal anharmonic elements of the potential function V. These elements have a small influence on the calculated rovibrational energy levels, but cause a considerable change in the wave functions, and, hence in the average geometry of the molecule and its rotational energy levels if the molecule is vibrationally excited.
In Tables 6, 7 , 8 the constants for the rovibrational energies calculated within the Approximation 2 are b Ref. [36] presented. The experimental values for these molecules are also given, when available. These constants have been obtained by first computing rovibrational energy levels for various values of J and K, and then by performing a fit of the E r values to the analytic form, cf. Eqs. (24)- (27) . The J values up to and including J = 15 were used. The results show that the most important constants, i.e., B v , D v , and q v , are reproduced quite accurately. For the higher order constants, the accuracy of the calculated rovibrational energies and the truncation of the maximum J was found to be insufficient, so the H v and q vJ constants are not reported in Tables 6, 7, 8 . Apart from the comparison to the experiment it is interesting to examine the dependence of the rotational constants on the vibrational quantum numbers. Such a dependence is especially visible for molecules containing a hydrogen atom, like HCN and HCP. The results allow to make a conclusion that the constants B m and D m grow linearly with m 2 , the quantum number for the degenerate bending mode, while for fixed m 2 they decrease with |l|, the vibrational angular momentum quantum number for the bending mode m 2 . This finding can be explained by the fact that for a molecule in an excited bending mode, the component of I z becomes smaller which leads to lowering of the constants B m and D m . On the other hand, decreasing of the constants with increasing |l| is mostly caused by the interaction of the total angular momentum with the vibrational one. These constants also become smaller when the quantum numbers m 1 and m 3 increase. This result can be rationalized by the fact that the vibrationally averaged interatomic distance hri becomes larger when the distance differs more from the equilibrium distance. This assumption can be supported by calculating the vibrationally averaged values of the bond distances for the molecules under study. Luckily, such calculations were reported by Laurie et al. [85] who presented hr HC i ¼ 1:0739Å; hr CN i ¼ 1:1574Å for the ground state. These values are larger than the equilibrium values from Table 1 .
Summary
The rovibrational Hamiltonian in curvilinear vibrational coordinates has been used to solve the nuclear motion problem for several linear triatomic molecules in curvilinear vibrational coordinates. The curvilinear coordinates were shown to have advantages over the more commonly used linear coordinates. Comparison with the existing theoretical data shows that the present approach gives results of a similar accuracy as other methods available in the literature. Although on average a higher accuracy is provided by the DVR method, the latter model is limited to triatomic molecules only, while our approach can be extended to more complicated cases. In its current form the approach presented in this paper provides a good accuracy for most vibrational levels and recovers the rotational and the l-doubling constants for the studied molecules. Further improvements of the code will also include the calculation of the intensities, so that the full spectrum of the molecules can be simulated. . Experimental data are taken from Ref. [53] 
